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Stress disturbance due to broken fibres in metal
matrix composites with non-uniform fibre
spacing

SHOJIRO OCHIAI, KOZO OSAMURA
Department of Metallurgy, Kyoto University, Sakyo-ku, Kyoto 606, Japan

Premature fracture of weaker fibres causes stress disturbances in composites. These disturb-
ances are affected by non-uniformity of fibre spacing. In order to evaluate quantitatively how
the disturbances in metal matrix composites are affected by the extent of non-uniformity of
fibre spacing, a method of calculation is presented on the basis of two-dimensional shear lag
analysis. Static tensile stress concentrations in the intact fibres to broken fibres, tensile stress
distribution along the fibre axis in the broken and intact fibres and shear stresses between
broken and intact fibres were calculated by the method presented, using some examples. It is
shown quantitatively that the spacing between broken and intact fibres and that between
intact and next fibres has a significant influence on tensile stress concentrations in intact fibres
and also on the shear stresses between broken and intact fibres: the narrower the former spacing
and the wider the latter spacing, the higher become both tensile and shear stress concen-
trations. This tendency is enhanced when the number of broken fibres is large and when the

strain hardening of the matrix is high.

1. Introduction

The premature fracture of weaker fibres in fibre-
reinforced composites causes stress concentrations
along the fibre axis in the fibres adjacent to broken
fibres, stress reduction near the broken ends in broken
fibres and shear stress concentration between broken
and intact fibres. These stress disturbances have been
quantitatively analysed for elastic fibre-elastic matrix
composites {1, 2], and for elastic fibre-metal matrix
composites [3, 4]. In these analyses, it has been assumed
that fibre spacing is uniform. This assumption is, how-
ever, not necessarily practical, because most com-
posites have, more or less, non-uniformity of fibre
spacing.

The aim of the present paper is to present a method
to calculate the static stress disturbances for elastic
fibre-strain hardenable metal matrix composites whose
fibre spacing is not uniform. In the following paper
[5], employing the method of calculation presented
here, how the non-uniformity of fibre spacing affects
the tensile strength of metal matrix composites will
be studied by means of a Monte-Carlo simulation
technique.

In the present method of calculation, shear lag
analysis for a two-dimensional array of fibres [1-4]
was modified under an approximation that only intact
fibres are subjected to the stress concentrations result-
ing from the broken fibres and the fibres outside the
intact fibres undergo uniform deformation in tension
along the fibre axis. This approximation has been
known as a useful tool for studying nonelastic effects
of the matrix [3].
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2. The method of calculation

2.1. Shear stress—shear strain curve of the
matrix

The shear stress (t,)-shear strain (y) curve of the

matrix was approximated as shown in Fig. 1. In the

stage of elastic deformation (y < y, where y, is the

yield strain in shear), 1, was given by

Tw = Guy (1)

where G, is the shear modulus of the matrix, and in
the stage of plastic shear deformation (y > 7,), it was
given by

T = ﬁGmy + (1 - ﬁ)fy (2)

where 1, is the shear yield stress given by G,,7, and 8
is the slope of shear stress—shear strain curve in plastic
deformation, normalized with respect to G,,. “f = 0",
“0 < f < 1” and “f = 1” mean that the matrix
exhibits no strain hardening after yielding in shear, it
deforms with strain hardening coeflicient fG,,, and it
deforms elastically, respectively.

2.2. Model structure of the composites
Fig. 2 shows the two-dimensional model employed
in the present calculation. This model is similar to
that of Zweben [3], but it is different in that the
strain hardening of the matrix after yield in shear
and non-uniformity of fibre spacing are taken into
consideration.

The model consists of a central core of n broken
fibres shown by “2” in Fig. 2, two intact fibres shown
by “1” and “3”, and the next two fibres shown by “0”
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Figure | Schematic representation of the shear stress—shear strain
curve of the metal matrix employed in the present calculation.

and ““4”. The fibre spacings between “*0” and 17, *“1”
and “2”, “2” and “3”, 3" and ““4” fibres are given by
d,, d, d, and d,, respectively.

In the present calculation, three assumptions were
made for simplicity. (i) The shear strain in the core of
cut fibres could be neglected. This assumption makes
the mathematical treatment easy in that the displace-
ment of the fibres in the core can be given as a function
only of x, the axial coordinate parallel to fibres where
x is taken to be zero at the cross-section where the
fibres ““2” are cut as shown in Fig. 2a. (ii) Only the
intact fibres are subjected to stress concentration, as
stated above. This assumption leads to the simple
expression that the fibres “0” and ““4” undergo uni-
form deformation in the x direction. (iii) The bonding
strength between fibres and matrix is high enough to
suppress debonding.

2.3. Deformation stages
In the present model, the following three stages arise
with increasing stress level, as shown in Fig. 2.

Stage I: when the stress level is low, the shear stresses
between “1” and “2” (1,,) and “2” and *“3” fibres
(t,-3) at any x are lower than t,.

Stage II: the 7,, and 1, ; have maxima at x = 0 and
decrease with increasing x, as shown later. With
increasing applied stress level, one of the shear stresses
of 1,,and 7, ; exceeds 7, at x = 0, at which stress level
the matrix between ‘1" and ““2” fibres begins yielding
in shear if 1, = 7,,> 7,5 at x = 0 or the matrix
between “2” and “3” fibres begins yielding if 7, =
T,3> T,,. With further increasing stress level, the
region of yielding of matrix grows. In Fig. 2b, the case
where the 7,_, exceeds 7, for the region of 0 < x < b,
but not t,; at any x, is illustrated as an example. In
this stage, two regions exist; Region A where both 7,
and t, 5 are lower than 7, and Region B where one of
7., and 7,5 exceeds 7, at 0 < x < b;. Region A
covers the region of x > b, and Region B the region
of 0 € x < b,. Taking the case of Fig. 2b, 7,_, is
equal to 7, at x = b,.

Stage I1I: when stress levels become high, both 1, ,
and 1, ; exceed 1, at least at x = 0. Fig. 2c shows an
illustration of this stage for the case of 7,, > 1,3. In
this stage, a new region (described as Region C) arises,
where both 7,, and 1,; exceed t,, in addition to
Regions A and B. Noting the length of Region C as b,
and that of Region B as b, — b,, Regions A, Band C
cover the regions of b; < x, b, < x < by and 0 <
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Figure 2 Schematic representation of the model composite employed
in the present calculation. “2” indicates » broken fibres, “1”* and
2" the intact fibres and ““0”" and ‘4" the next fibres. {a), (b) and (c)
correspond to Stages I, II and III, respectively. The hatched regions
show the regions of matrix yielded in shear.

x < b,, respectively. In this stage, 7., and 1,; are
equal to 7, at x = b, and b,, respectively.

2.4. Equations for stress equilibrium
Representing the displacements of ““0” to ““4”” fibres by
U, to U,, respectively, U, and U, are given by o,x/E;
from the assumption (ii) above, where a; is the stress
of fibre at x = oo and E; is the Young’s modulus of
the fibre. Whether 1,_, or 7,_; becomes , first depends
on the values of d, to d,. In the following procedure,
we show equations for the case where 7, , becomes 1,
prior to 1,4. Also, equations for the case where 7,,
becomes 7, prior to 7,, can be derived similarly. For
Regions A, B and C, the equilibrium equations for U,
to U, are given as follows, by taking Equations 1 and
2 into consideration. For Region A

E A(d*U, /dx?)
-G, MU, — U))d, + G, WU, — ox/E;)/d,
(3)

I

}’lEfA r(dz U2 /dxz)
= Gmh(Uz - Ul)/dz + Gmh(Uz - Ua)/dz
)
ErAr(d2 U3/dx2)
= —G. WU, — Uy)/d; + G h(U; — ocx/E)d,
(5)



For Region B

E AU Jdx?) = —[BG.(U, — U))/

d, + (1 — Pr,Jh + G, MU, — oex/Er)d,  (6)
nEA(d*U,/dx*) = [BG,(U, — Uy)/

d, + (1 — P, Jh + G,A(U, — Usy)/d; @)

E A(d’ Uy /dx?)
= — G AU, — U3)jd; + G, WU; — a;x/E)d,

For Region C ®

E AU [dxY) = —[BGL(U, — U))/

d + (1 = Pyr,Jh + G (U, — ox/Ep)jd,  (9)
nEfAf(d2 Uz/dxz) = [BG.(U, — Uy)/d
+ (1 = B, Jh + [BGL (U, — Us)ids + (1 — Py lh

(10)
E A(d* U, /dx?)
= —[Gn(U, — Us)ldy + (1 — ), Jh
+ Gol(U; — oyx/Ep)/d, (11)

where A, is the cross-sectional area of fibre and 4 the
thickness of the model composite.

2.5. Non-dimensionalization

In order to obtain a convenient form for the problem,
non-dimensionalization was carried out by modifying
the method of Hedgepath who first introduced the
idea of non-dimensionalization to solve this kind of
equation for the model composite where fibre spacing
is uniform [1].

The average fibre spacing, d,,, is given by (4, +
d, + d; + d,)/4. Using d,,, E;, A, G,, h and oy,
non-dimensionalization of U, to U, t,, x, b; and b,
was carried out by letting

U1(24,3) = O'f(Afdav/Emeh)l'QuuzA) (12)

Ty = af(GmAf/Efdavh)l/z:Ey (13)

x(bla bZ) = (EfAfdav/Gmhy/zé(l;l s b_2) (14)

where u;, 3, T, and &(b,, b,) are non-dimensionalized
forms of U\, 3, 1, and x(b,, b,), respectively.

Defining
dl = fldava d2 = deava
dy = fid, and d, = f.d, (15)

we can regard f, to f, as measures of non-uniformity.
In this definition, f; + f, + f; + f.is always equal to
4. For convenience, we again define

1/fi, a = 1/f,, a3 = 1/f; and
a = 1/f; (16)

Combining Equations 3 to 16, we have convenient
forms of non-dimensionalized equations for Regions A
to C, as follows. For Region A

a, =

dz“l/‘ﬁ2 = —au, — u) + aw — & (A7)
”(dzuz/déz) = a(u, — u) + a(u, — uy) (18)
d2“3/d62 = —ay(u, — u3) + a(uy; — &) (19)

For Region B

du, /d8 = —[Bar(u; — )
+ (1 =pL)+aw -0 (20)
n(d?u,/dé?) = Pay(uy, — uy)
+ (1 — BTy, + as(u, — Usy) 2
Qu, A8 = —ay(uy — ws) + a(uy — & (22)
For Region C
du, [dE = —[far(u; — uy)
+ (1 =P+ a — 9 (23)
n(du,/dE) = [fay(u; — w) + (1 — BT,
+ [Bas(u, — w) + (1 — B)T,] (24)
dPuy/det = —[fas(u, — us)
+ (1 = PL,] + alus — 9 (25)
2.6. Solutions

2.6.1. Region A
The solutions of Equations 17 and 19 for Region A are

£+ Y Arexp (k) (26)

up =

6
wy = &4 Y A(—kla, + 1 + aay)
i=]
x exp (k) 27
6
wy = &+ ) Ankllaa; — [a, + @
Py

+ n(a, + w)k! + (@ay + aa, + ayay)/a,a5)
x exp (k;&) (28)

where A, to A, are integral constants and the super-
script A to u, to u; means Region A. &, to kg are given
as the solutions of

(njaya)k® — {[a, + a3 + n(a, + a; + a3 + a,)}/
aa tkt + {Raya; + (@ + a;) (@, + a3)
+ nla, + @) (@, + a)l/a,a 1k’ — [aa3(a, + a,)
+ a,a,(a, + a&;)l/aa; = 0 (29)
2.6.2. Region B
The solutions of Equations 20 to 22 for Region B and

Equations 23 to 25 for Region C have different forms
depending on the value of .

2.6.2.1. B # 0. In the case of f # 0, the solutions of
Equations 20 to 22 are

&+ {0304(1 - B/

Blayama; + aaya, + aya,a,) + aya30,]}7,

W =

6
+ Z B, exp (1,) (30)

¢ —Aaa + a) (1 = P

Blaaa, + a0, + a,a30,) + aya;a,]}3,

@ -

+ Y BI-£(Ba) + 1+ a/(Ba)] exp (1)
- G1)
3867



w3 = & —{aa(1 — P)Blaaas + ayaya,
+ @maa,) + ayaa,]}7, + 26: B,{nt! [(Ba,a;)
frun

— [Ba, + a3 + n(a, + Pay)ls; /(Baya;)

+ [Bay(ar + a;) + aja5)/(Bayas)} exp (1,8)
(32)

where B, to B, are integral constants and ¢, to f, are
solutions of

(n/Payaz)t® — {[Ba, + ay + n(a, + Ba, + a5 + a,)]/
Bayas}i* + {[2Ba,a; + n(a, + Bay) (a3 + a,)
+ (Ba, + a3) (a, + a,))/pa,a,}t
— {[Blayaya; + ayaqya, + ayasa,) + a,a;a,)/

paa;; = 0 (33)

2.6.2.2. § = 0. In the case of f = 0, the solutions of
Equations 20 to 22 are

”? = ¢+ ‘fy/al + B, exp (_a}/z@
+ B, exp (a,%¢) (34)
o= & (lay + 1/a)s,
6
+ Z Bi(_[?/% + 1 + a,/a;) exp (1,£)
i=3
(35

6
wy = &—1,a, + Y Bexp(55)  (36)
i=3

where t; to ¢, are solutions of

nt'ja; — (n + 1 + na,ja)? + a, = 0 (37)

2.6.3. Region C
2.6.3.1. f # 0. In the case of f # 0, the solutions of
Equations 23 to 25 for Region C are

¢ — {04(42 —a) (1 = p)/

Blaaa; + ayaza,) + ayapa, + ala3a4]}%y

b =

+ Z C; exp (5:$) (38)
“g = ¢ - {[ﬁ(alas + a,a,) + 2a,a,)/
[Ba a0y + ayayay) + ayaya, + 010304]}
(1 — BBz, + Z} C(—st/Bay + 1 + a,/Ba,)

x exp (s5:€) (39)
us = &+ {aa —a) (A - p)f
Blaiaa; + ayaza,) + ayapa, + aia;a,]}7,

+ i Ciinsi (B aya) — [Bay(1 + n) + nay + Pas]s;/

(Fayay) + (aya, + Bara; + ayay)/
(Baya,)} exp (s,8) (40)
where C, to C, are integral constants and s, to s, are
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solutions of

[n/(B aa,))s° — {[B(a; + a3)
+ n(a, + Ba, + Pay + a4)]/(ﬁ2a2a3)}s4
+ {R2Faa, + Bla, + a) (@, + a3) + n(a, + Pa,)
x (Bay + a)l/(P*ara)}s* — [Blayayay + aya;a,)
+ ayma, + ayaa,]/(faya;)) = 0 40
2.6.3.2. f = 0. In the case of B = 0, the solutions of
Equations 23 to 25 are

uy = &+ ,/ay + C,exp (—a}?¥)

+ G, exp (a*é) 42)
us = 1,8+ C¢ + C, (43)
us = &+ T,ja, + Csexp (—a)’%)

+ Cqexp (@) (44)

2.7. Boundary conditions

The stress concentration factors at & = £ in “17, “27
and *3” fibres, K, (%), K,(&) and K, (&), respectively,
are given by

Ki(&) = du(8)/de,
Ki(&) = duy(§/d¢

The positive non-dimensional shear stresses between
“1” and “2” and “2” and “3” fibres, 7,_, and 7, ;,
respectively, in Region A are given by

T12(0) = @fu(d) — w(d)]

733() a3[u; (&) — u3(9)] (46)
In Region B, 7,,(£) and 7, ;(¢) are given by
12() = Ba[(&) — w (O] + (1 — P,
38 = () — us(d)] (47)
In Region C, they are given by

150 = ba[u,(8) — w (O] + (1 — BT, )
138 = Ba[u () — ws (O] + (1 = P,

The solutions of u, to u; in Regions B and C have
different forms according to the value of 8, as shown
already, but the boundary conditions are common for
any value of . The boundary conditions are given for
each stage as follows.

Ky (&) = dup(§)/de,

(45)

2.7.1. Stage | where only Region A exists

1. At ¢ = 0, the displacements of fibres “1” and
“3” are zero; u'(0) = 0, u3(0) = 0, and the stress of
fibres “2” is zero; K5 (0) = 0.

2. At £ = oo, stress concentration factors for all
fibres are unity; K7 (00) = 1, K3 (0) = 1, K () = 1.

2.7.2. Stage Il where Regions A(b, < &) and
B(0 < ¢ < by) exist
1. At ¢ = 0, the displacement of fibres ““1”” and “3”
is zero; ¥P(0) = 0, 12(0) = 0, and the stress of fibres
“2” is zero; K2(0) = 0.
2. At & = by, displacements of fibres should be
continuous; uy (by) = ub (b)), uy (b)) = us (b)),



ub (b)) = u(h,), the stresses of fibres should be
continuous;  Kt(6) = K¥(h), K (b)) = K3(by).
K2(b,) = KB(h,), and the shear stress between fibres
“1” and “2” is equal to 1,; T,,(b)) = 7,.

3. At ¢ = oo, stress concentration factors for all
fibres are unity; KM(o0) = 1, K5 (0) = 1, K5 (o0) = 1.

2.7.3. Stage Ill where Regions A(b; < ¢),
B(b, < & < by)and C(0 < & < b,)
exist

1. At ¢ = 0, the displacement of fibres ““1” and “3”
is zero; uS(0) = 0, u5(0) = 0, and the stress of fibres
“2” is zero; K5(0) = 0.

2. At ¢ = b,, the displacements of fibres should
be continuous; u2(h,) = ut(h,), ul(h,) = uS(h,),
uB(h,) = u§(h,), the stresses of fibres should be
continuous;  K7(b,) = K (b)), K3(h)) = K5(by).
K8(h,) = K5(b,), and the shear between fibres 27
and “3” is equal to 1,; T,,(b,) = 7,.

3. At & = b,, as similarly as at ¢ = b,, the dis-
placements and stresses of fibres should be continu-
ous; ul(h)) = wl(b)), w(B) = W), ul(h) =
B(5), Kib) = K'(b), K3 (b)) = K3(b), K3(hy) =
K2(h)), and the shear stress between fibres “1” and
“2” is equal to 1,; Ty,(b)) = T,.

4. At £ = oo, stress concentration factors for all
fibres are unity; K9'(c0) = 1, K5(c0) = 1, K (o) = 1.

A, to A, B, to B, C, to Cy, b, and b, are independent
of & but dependent on the stress level g;. As 1/7,, which
is re-defined as &y, is given by (0;/1,) (GnA/E;d,, 1)
from Equation 13, it can be regaided as the non-
dimensional stress level. In the calculation, giving
various values of &7, we can obtain numerically the
above values for each ;. Then stress concentration
factors and shear stresses between each fibre can be
calculated using Equations 45 to 48.

3. Examples of results of calculation by
the present method
3.1. Stress concentration in intact fibres at
x = 0 in Stage |
Some examples of results of calculation of stress con-
centration in “1”” and “3” fibres at x = 0, K,(0) and
K;(0), respectively, in Stage [ are shown in Fig. 3. The
following four cases (a) to (d) were taken as examples.
Case (a): f, varies under the fixed values of f, =

fi=1As fi +f, +fi + f, is equal to 4 in defi-
nition, f, is given by 2 — f.

Case (b): f, varies under the fixed values of f; =
f+ = 1. In this case, f; is given by 2 — f,.

Case (c): f, varies under the fixed values of f; = 0.5
and f; = 1.5. f, is given by 2 — f|.

Case (d): f; varies under the conditions of f| = f,
and f, = f;. f5, fyand [, are given by 2 — f;, 2 — f
and f}, respectively. In this case the model composite
shown in Fig. 2 becomes symmetric with the centre
line of broken fibres. Therefore, K,(0) is equal to
K, (0).

The effects of fibre spacing on K,(0) and K;(0) in
Stage I could be summarized as follows.

(1) The larger the non-uniformity of fibre spacing,
the larger the deviation of stress concentrations in the
intact fibres from those for uniform fibre spacing
(fi =f = [, = f, = 1),as known from Cases C (a),
(b) and (d).

(i1) In all cases, the larger the a, the higher the K, (0)
and K;(0).

(iii) The spacings between broken and intact fibres
(f, and f;) have a more predominant effect on stress
concentrations in intact fibres than those between
intact and the next fibres (f, and f,), as known by
comparing Cases (a), (b) and (d) with each other. The
narrower the former spacings, the higher the stress
concentrations in intact fibres.

(iv) When the spacings between broken and intact
fibres are given, the wider the spacings between intact
and the next fibres, the higher is the stress concen-
trations in the intact fibres, as known from Cases (a)
and (c).

The variation of K,(0) and K5(0) as a function of
stress level in Stages IT and ITT will be calculated in Sec-
tion 3.3 using the conditions shown by arrows in Fig. 3.

3.2. Shear stress concentration between
broken and intact fibres at x = 0

With increasing stress level, the matrix, corresponding

to a smaller value between f, and f;, begins yielding in

shear at first at x = 0. After further loading, the

matrix, corresponding to larger value between f, and

f+, also yields. Some examples of variation of shear

stress between “1” and “2” fibres, 7,_, and that between
“2” and “3” fibres 7,, at x = 0 are shown as a

Figure 3 Variations of (I, 3) K;(0) and (2, 4) K,(0) in Stage 1 for Cases (a), (b), (c) and (d). (1, 2) n = 1,(3,4) n = 3. The conditions shown
by arrows will be used for calculation of K,(0) and K5(0) in Stages II and III in Section 3.3.
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Figure 4 Variations of (1, 3, 5) 7,,(0)/r, and (2, 4) 7, 3(0)/, as a
function of ¢, under the conditions of § = 0.05, f| = f, = 1,
f»=02,0.5and I, and » = (a)l and (b)3. (a) and (®) Transition
points at which Stages II and III arise, respectively. (1, 2) f; = 1,
H=02f=18fi= LG Afi=fi=1f=05/%=L15
OV=fh=f=h=1

function of stress level, 6;, in Fig. 4, where the shear
stress is normalized with respect to 7,.In Fig. 4, o and
® refer to the transition points from Stages I to II and
from II to III, respectively. In these examples, f; was
taken to be smaller than f;. Therefore 1, ,(0)/r, became
unity prior to 7,;(0)/t,. Below the stress level, corres-
ponding to 7,,(0)/r, = 1 i.e. in Stage I, both 7,.,(0)
and 1,,(0) increase linearly with increasing stress
level. Beyond this stress level, i.e. in Stage II, they
increase non-linearly with increasing stress level until
7,.3(0)/7, becomes unity and the matrix between “2”
and “3” begins to yield. After the yielding of this
matrix, i.e. in Stage II1, they also increase non-linearly.
Inthecase of f; = f, = f; = f, = 1, 7,,,(0) is equal
to 1, ;(0) due to the symmetry of the model composite,
so that the “1”-2” and *“2”-"*3"" matrices surround-
ing the broken fibres yield simultaneously. Therefore
Stage I does not exist in this case. Fig. 4 shows that
(i) the larger the non-uniformity of the fibre, the
larger the deviation of shear stress in the matrix from
that for uniform spacing (curve 5) and (ii) the larger
the n, the higher is the shear stress at the same stress
level and therefore the earlier will the yielding of the
matrix, begin.

3.3. Stress concentration in intact fibres at

x = 0 as a function of stress level
The stress concentration factors in intact fibres at
x = 0, K,(0) and K,(0), as a function of stress level
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Figure 5 Variations of (1, 3, 5) X,(0) and (2, 4) K;(0) as a function
of ¢; under conditions of § = 0.05,f, = f; = 1, f; = 0.2,0.5 and
l,andn = (@)l and (b)3. (1, 2) £, =02, , =f,=1,f, = 1§
GNN=05hL=fi=LL=15Of=fh=fH=f=1

are calculated for some examples for f = 0.05, as
shown in Figs 5 to 8. The conditions in Figs 5 to 8 were
taken from those shown by arrows in Figs 3a to d,
respectively. The effect of non-uniformity of fibres
spacing on K (0) and K;(0) could be summarized as
follows.

(1) The larger the non-uniformity of fibre spacing,
the larger the deviation of K, (0) and K;(0) from those
for uniform spacing.

(ii) The larger the difference between f, and f, for
J2 = f3 = 1, and the larger the difference between f,

T T T T (G)

16 b

K0, Ky(0)
=

(b)z

L

K30

K,(o) .

1.0! 1 L ! 1
0

Figure 6 Variations of (1, 3, 5) K,(0) and (2, 4) K;(0) as a function
of ; under conditions of § = 0.05,f, = f, = 1, , = 0.2,0.5 and
l,andn = (@)l and (0)3.(1,2)f, = 1,/, =02, £, =18, f, = 1;
GAfi=1L=05L=15L=L0O/i=hLh=fL=fi=1
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Ky0), K30)

K0, K0)

Figure 7 Variations of (1, 3, 5) K,(0) and (2, 4) K;(0) as a function
of ¢; under conditions of § = 0.05, f, = 0.2 and 1.8, /;, = 0.5 and
f» = 1.5,and n = (a)] and (b)3. The variations of K,{0) (= K;(0))
under the condition of uniform fibre spacing, shown by curve 5, are
also superimposed for comparison. (1, 2) f; = 0.2, f; = 0.5,
Si= 15/ =183,4)/ = 18/, =05/ = L5, = 02(5)
h=h=h=f=L

and f; for f; = f, = 1, the larger the difference between
K, (0) and K;(0).

(ii1) The larger the n, the higher the K, (0) and K,(0)
at the same stress level.

(iv) The larger the n, Stages II and III arise at lower
stress level.

(v) The variation of K;(0) remains constant in
Stage I, but decreases in Stages II and IIT under the
condition of f; < f;. On the other hand, the variation
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Figure 8 Variations of K;(0) (= K;(0)) as a funciton of &; under
conditions of §# = 0.05,f, = 0.2, 1.0 and 1.8, f; = f,and /> = f,
andn = (a)land (b)3. 1,/ = 0.2, f, = 1.8,/ = 1.8, f, = 0.2; 2,
h=18/,=02f=02f=183,fi=fi=fi=fi=1

of K;(0) is very complex; it sometimes increases
in Stages II and III but sometimes decreases with
increasing stress level. It seems to be important to
point out that K;(0) can still increase after yielding of
the matrices between 17 and “2” and between *“2”
and “3” fibres in Stage 11, although the yielding of the
matrix acts to reduce stress concentration in intact
fibres when fibre spacing is uniform. Concerning the
increment of K;(0) in Stage I and the initial region in
Stage I1I, it was found from Figs 5, 6 and 7 that a
greater increment in K;(0) occurs for larger values of
n, for a greater difference between f, and f; when
/, = fiand for a greater difference between f; and f,
when f, = f;.

(v1) Beyond the stress level where K, (0) increases,
both X;(0) and K;(0) decrease monotonically with
increasing stress level, and approach unity.

(vii) In the case of a symmetric array of fibres
shown by curve 5 in Figs 5, 6 and 7, and shown by
Curves 1, 2 and 3 in Fig. 8, the matrices between 1"
and “2” fibres and that between 2" and ““3” fibres
yields simultaneously, according to which Stage Il
arises after Stage I. In this case K, (0) is equal to K;(0),
and both K(0) and K;(0) decrease with increasing
stress level in Stage I1I.

3.4. Effects of strain hardening of matrix on
stress concentration factors in intact
fibres and shear stress concentration
between broken and intact fibres at
x =0

An example of variations of K(0), K;(0), t,,(0)/,

and 1, ;(0)/1, as a function of §; for n = 3, f; = 1,

T T T T

(@

250 2

Ty-2 (O)ITy . t2_3(0)lty

0;
Figure 9 Influence of shear hardening of matrix, §, on (a) K,(0)
(1-3) and K;(0) (4-6), and (b) 7, (0)/z, (1-3) and 7, ,(0)/z, (4-6),
under conditions of f, =1, f; = 0.2, f; = 0.2, f = 1.8 and
fi=tl.andn = 1.(1.4) B = 0.1: (2, 5) § = 0.05; (3, 6) f = 0.
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Figure 10 Variations of (a) 7,,(£)/7, and (b) 7,.5({)/7, as a function
of £ at the stress levels of &; = (1,4) 0.3, (2, 5) 2 and (3, 6) 4, under
conditionsof § = 0.05,f, = 1,f, = 02,f; = 1.8andf, = |, and
n = (1-3) 1 and (4-6) 3. (%) and (W) Transition points from
Regions C to B and B to A, respectively.

=02, =18 f.=1land § = 0,0.05and 0.1 is
shown in Fig. 9, which demonstrates the effects of the
size of . Not only the example shown in Fig. 9 but
also other examples were calculated. From the cal-
culation, the effects of strain hardening on stress con-
centrations could be summarized as follows. (Bear the
case of f, < f; in mind.)

(i) The larger f, the more slowly decreases K, (0)
with increasing &;, and correspondingly the larger f,
the more rapidly increases 1,,(0)/7,.

(i1) Under a fixed condition of non-uniformity of
fibre spacing, K5(0) for small § can become higher
than that for large f, while K, (0) for small § decreases
more rapidly than that for large f with increasing
stress level, as typically shown in Fig. 9.

(iif) When f becomes large, 7, ,(0)/1, becomes very
large, especially under the condition where » is large
and f; is much smaller than f;.

3.5. Stress concentration in broken and intact
fibres and shear stress concentration
between broken and intact fibres in the
fibre direction

Fig. 10 shows the shear stress distribution along the

x-axis as a function of ¢, for examples of # = 1 and

3,3 =005/f=1f=02/f=18andf, = 1 at

stress levels of g; = 0.3, 2 and 4. ¥ and ® refer to the

transition points at which Regions B and A arise,

respectively. In the present examples, for n = 1,

o; = 0.3, 2 and 4 correspond to Stages I, II and III,

respectively, for n = 3, ; = 0.3 to Stage II and

gr = 2 and 4 to Stage III. Therefore, for n = 1, there
is only Region A at ; = 0.3, there are Regions A and

B at 6, = 2 and Regions A, B and C at 6; = 4. For

n = 3, there are Regions A and B at a; = 0.3 and

Regions A, B and C at 6; = 2 and 4. The 1,,(¢)

decreases slowly in Regions B and C but rapidly in

Region A with increasing ¢ while the 1, ;(¢) decreases
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Figure 1] Variations of (a) K (&), (b) Ky,(¢) and (¢) K5(¢) as a
function of ¢ at the stress levels of &, = (1, 4) 0.3, (2, 5) 2 and
(3, 6) 4, under conditions of § = 0.05, /, = 1, f;, = 0.2, f; = 1.8
and f;, = 1, and n = (1-3) 1 and (4-6) 3.

slowly in Regions A and C but rapidly in Region B.
The variation of stress concentration factors of K (),
K;(¢) and K;(&) under conditions the same as those
shown in Fig. 10, is shown in Fig. 11. K, () and
K, (&) decrease and K, (£) increase with increasing &,
approaching unity at large £. The larger the n and the
higher the applied stress level 6., the larger becomes
the distance of disturbances of stresses from & = 0.

4. Conclusions

A method of calculation of stress concentration in
intact fibres caused by broken fibres and shear stress
concentration between broken and intact fibres in
strain hardenable metal matrix composites in which
the fibre spacing is not uniform has been presented. It
was shown that the narrower the spacing between
broken and intact fibres and the wider the spacing
between intact and the next fibres, the higher become
the tensile stress concentration in intact fibres and the
shear stress concentrations between broken and intact
fibres. When the number of broken fibres was large
and the strain hardening of the matrix was high, this
tendency was enhanced.
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